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We show that the imaginary vector potential causes a pair-breaking effect in the composite
fermion theory, and discuss its irrelevance in the pairing state. The Hamiltonian for pairing states
of composite fermions is proposed. The advantage of non-unitary transformations and the meaning
of the non-Hermitian term are discussed.
73.40.Hm, 71.10.Pm
Recently, the ν = 5/2 enigma is reconsidered in Refs.
[1–3]. These numerical works support that the ν = 5/2
state is the spin-polarized p-wave pairing state of com-
posite fermions [4]. On the other hand, the possibility of
the p-wave pairing state was discussed at ν = 1/2 [5,6,3].
However, the condition for the occurrence of composite
fermion pairings are still controversial problem. The pair-
breaking effect in the composite fermion pairing state
was discussed by Bonesteel [7]. He discussed that there
is a pair-breaking effect stemmed from a fluctuation of
the Chern-Simons gauge field and this pair-breaking ef-
fect is strong enough in a short range interaction case to
break composite fermion pairs. On the other hand, the
effect of non-Hermitian term was unclear in the compos-
ite fermion pairing theory [6] based on the Rajaraman-
Sondhi transformation [8].
The effect of non-Hermitian term was discussed in
the localization-delocalization phenomena [9]. For two-
dimensional non-interacting electron systems with ran-
dom potentials, it is believed that all states are localized
[10]. However, when we introduce an imaginary vector
potential, and increase the strength of it, there appear
extended states [9]. The origin of the imaginary vector
potential is clear for the vortex depinning phenomena
with columnar defects, that is, the transverse magnetic
field [9]. However, the merits of considering the non-
Hermitian quantum mechanics in general systems are not
clear.
In this paper, we show that the non-Hermitian term
causes a pair-breaking effect to composite fermion pairing
states. By solving the gap equations, it is shown that the
ground state is the gapless pairing state in the absence of
the Coulomb energy. However, this gapless pairing state
is unstable one because it is on the relative maximum
of the ground state energy. When we take into account
the Coulomb interaction, it is not the ground state any
more. The advantage of non-unitary transformation and
the meaning of the non-Hermitian term are discussed.
Moreover we mention a guide to apply non-unitary trans-
formations to the strongly correlated electron systems.
The Hamiltonian at ν = 1/m (m is an even integer)
for composite fermions based on the Rajaraman-Sondhi
non-unitary transformation [8] is given by [6]
H = H0 + V H + V NH + V C , (1)
where H0 =
∑
k
h¯2k2
2mb
πkφk, V
C is the Coulomb interac-
tion, and
V H =
∫
d2r
e
c
jCF (r) · δa, (2)
V NH =
∫
d2r
e
c
jCF (r) · (i eˆz × δa) , (3)
with πk (φk) being the creation (annihilation) operator
of composite fermions with momentum k, jCF being the
current operator of composite fermions, and δa being
given by
δaα =
φ0
2π
m
∫
d2r′δρCF (r
′)∇Im log(z − z′). (4)
Here φ0 =
ch
e is the flux quantum, z = x + iy is the
complex coordinate, and δρCF (r) is equal to ρCF (r)− ρ
with ρ being the average density of particles. Substitut-
ing Eq. (4) into Eqs. (2) and (3) directly, we obtain
the interaction between composite fermions in two-body
forms.
Equation(2) has the form of the minimal coupling be-
tween composite fermions and the Chern-Simons gauge
field fluctuation. Therefore, V H causes an interaction
like the Lorentz force. Considering the classical equation
of motion for composite fermions, we see that a compos-
ite fermion passing by another composite fermion in the
counterclockwise direction from the view point at pos-
itive z-axis feels the attractive force toward it because
δρ > 0 around the composite particles. On the other
hand, if a composite fermion passes by another composite
fermion in the clockwise direction, the repulsive interac-
tion is caused between them. For that reason, a pairing
state with positive angular momentum is expected to ex-
ist [11]. From this argument, we expect that if there is
some pairing state, the symmetry of the pairing state is
not s wave. On the other hand, we find that the V NH
has no effect for the equation of motion.
The gap equations for pairing states of composite
fermions are derived by a pairing approximation. At zero
temperature, they are given by
∆k = −
1
2Ω
∑
k′( 6=k)
Vkk′
∆k′
Ek′
, (5)
1
∆k = −
1
2Ω
∑
k′( 6=k)
Vk′k
∆k′
Ek′
, (6)
where Vkk′ is the interaction for pairs with zero total
momentum. The analysis of these gap equations with
V H only for the pairing interaction was done by Greiter,
Wen, and Wilczek [5]. They showed that the ground
state is the p-wave pairing state of composite fermions.
In their analysis, the usual Chern-Simons singular gauge
transformation was performed. The quadratic term for
the Chern-Simons gauge field was neglected and the ef-
fect of it was not clear. As we will show later, it has close
relation to the non-Hermitian term V NH .
Now we take into account the non-Hermitian term
V NH in the gap equations. Setting ∆k = ∆ke
−iℓθk and
∆k = ∆ke
iℓθk in Eqs. (5) and (6) for ℓ-pairing state
(tan θk =
kx
ky
), we obtain
∆k =
m
M
∫ k
0
dk′
k′∆k′
Ek′
(
k′
k
)ℓ
, (7)
∆k =
m
M
∫ ∞
k
dk′
k′∆k′
Ek′
(
k
k′
)ℓ
, (8)
where we have replaced the band mass with the effective
mass M of composite fermions. These gap equations are
solved exactly and the solution is given by
∆k =
{
0 for k < kF ,
∆ǫF
[(
kF
k
)2
− 1
]m (
k
kF
)ℓ
for k > kF ,
(9)
∆k =

 ∆ǫF
(
k
kF
)ℓ [
1−
(
k
kF
)2]m
for k < kF ,
0 for k > kF ,
(10)
where ∆ and ∆ are constants, ǫF and kF are the Fermi
energy and the Fermi wave vector for composite fermions,
respectively. As a remarkable fact, this state is the gap-
less pairing state because ∆k∆k ≡ 0 for any k but each of
∆k and ∆k is not identical to zero. Therefore, we under-
stand that the effect of V NH is the pair-breaking effect.
The conclusion that all of the pairing states are gapless
if we neglect the Coulomb interaction is the natural one.
In the absence of the Coulomb interaction, the original
problem is the free electron gas under the magnetic field.
In this situation, it is not an appropriate starting point to
take an approximation to the Hamiltonian obtained by
either the Chern-Simons singular gauge transformation
or Rajaraman-Sondhi transformation because the two-
body correlation effect, which is taken into account by
such transformations, is absent. We do not expect the
pairing correlation in such systems.
The pair-breaking effect caused by V NH has a close
relation to the effect of an imaginary vector potential
in the localization-delocalization phenomena. From Eq.
(3), we see that V NH corresponds to an imaginary vec-
tor potential ieˆz× δa. The effect of the imaginary vector
potential was discussed in the localization-delocalization
phenomena [9]. In the absence of the imaginary vector
potential, it is believed that all eigenstates are localized
in two-dimensional non-interacting systems [10]. How-
ever, if we introduce an imaginary vector potential, and
increase the strength of it, there appear extended states
[9]. In the composite fermion pairing theory, as we have
seen above, the ground state of the system is the pairing
state in the absence of the imaginary vector potential
and the Coulomb interaction. When we take into ac-
count the imaginary vector potential, which is fixed con-
trary to the vortex depinning phenomena [9], the gap of
the pairing state goes to zero. Therefore, the imaginary
vector potential in the composite fermion pairing state
has the similar effect as in the localization-delocalization
phenomena.
As discussed above, the ground state is the gapless
pairing state in the absence of the Coulomb interaction.
However, this gapless pairing state is not stable because,
from discussion below, we see that it is on the relative
maximum of the ground state energy. The variation of
the ground state energy with regard to the ∆k∆k is given
by
〈H〉∆k∆k+δ(∆k∆k) − 〈H〉∆k∆k
= −
1
8
∑
k
∆k∆k(
∆k∆k + ξ2k
)3/2 δ (∆k∆k) . (11)
The factor ∆k∆k/
(
∆k∆k + ξ
2
k
)3/2
is not lower than zero.
Therefore, the function ∆k∆k ≡ 0 is the relative max-
imum of 〈H〉. It means that any perturbation will un-
stabilize the gapless pairing state. Hence when we take
into account the Coulomb interaction, this gapless pair-
ing state is not stable. The effect of V NH is the pair-
breaking effect but it is irrelevant for the pairing state.
The irrelevance of V NH is understood by consider-
ing the meaning of the Rajaraman-Sondhi non-unitary
transformation. It fully takes into account the most
fundamental correlation in quantum Hall systems. Be-
cause of the Coulomb interaction between electrons and
the external magnetic field, any pair of electrons has
the correlation with non-zero relative angular momentum
as the short-range correlation. The Rajaraman-Sondhi
transformation fully takes account of it. Then, what is
the meaning of a non-Hermitian term resulting from the
Rajaraman-Sondhi transformation? Before discussing it,
we consider the simplest problem. Suppose the harmonic
oscillator in one dimension: H = − 12
d2
dx2 +
1
2x
2. As
is well-known, the ground state is ψ0(x) ∝ exp(−
x2
2 ).
Let us apply a non-unitary transformation:U = ψ0(x)
via UHU , where U = exp(x
2
2 ). Of course the resulting
Hamiltonian has the non-Hermitian term. However, it
only affects excited states. For the ground state, it is not
relevant. Similarly, the effect of V NH is only relevant
for the motion which deviates from the above fundamen-
tal correlation. However, such motions are high energy
modes in the presence of the Coulomb interaction. If it
2
is relevant, the Hamiltonian obtained by the Rajaraman-
Sondhi transformation as well as the Chern-Simons sin-
gular gauge transformation is not effective one. As far
as the above correlation for short range correlation is the
most fundamental one, V NH is irrelevant. The fact that
the above correlation effect is the most fundamental one
is demonstrated for the bilayer quantum Hall systems
[12].
From the discussion above, we get a guide for the appli-
cation of non-unitary transformations. The correlation
effect in condensed matter physics is divided into two
parts: short range correlation effects and long range cor-
relation effects. The difficulty of dealing with strongly
correlated electron systems theoretically relies on that
we do not know how to take into account the former.
However, the short range correlation originates from the
two-body correlation, and it is found by considering the
two-body problem. Therefore, the steps to seek the ap-
propriate transformation are the following. First, we
analyze the two-body correlation of the system. Next,
we invent a transformation which properly takes account
of it. When we use non-unitary transformations in this
step, the non-Hermitian term is not relevant as far as
we concern low-energy excitations, and we can neglect
it. Finally, we obtain an effective Hamiltonian of the
system. Of course, the irrelevance of the non-Hermitian
term must be shown in a self-consistent way.
Now we remark on the relation to the usual Chern-
Simons composite fermion theory. In the Chern-Simons
formalism, the term which corresponds to V NH is a
three-body interaction term. When we perform the usual
Chern-Simons singular gauge transformation, the Hamil-
tonian is given by
H = H0CS + V
H
CS + V
3, (12)
where H0CS and V
H
CS is given by replacing the πk in Eq.
(1) with φ†
k
, which is the creation operator of compos-
ite particle with momentum k and V 3 is the three-body
interaction term for composite particles. In the Chern-
Simons gauge theory of the fractional quantum Hall ef-
fect at ν = 1/m [13], where m is an odd integer, V 3
is irrelevant when the condensate of composite bosons
occurs [14]. We can apply this argument to the com-
posite fermion pairing theory. The pairings of composite
fermions have the same role of composite bosons. The
power of the canonical dimension of the coupling con-
stant for V 3 is half of that for composite bosons but the
sign of it is unchanged. Therefore, when the condensate
of pairings of composite fermions occurs, V 3 is no more
relevant.
The effect of V 3 was discussed by Bonesteel [7] as the
current-current correlation effect. He concluded that it
causes a pair-breaking effect. The conclusion is similar
to ours, however, his argument that for the short range
interaction this pair-breaking effect is strong enough to
unstabilize the pairing state is not correct. The pair-
breaking effect caused by V 3 seems to exist but it is ir-
relevant for the pairing state. If the pairing state is un-
stabilized, the pair-breaking effect is caused not from V 3
but from the direct repulsive interaction between com-
posite fermions or impurity potentials.
Here we remark on the Hamiltonian for the composite
fermion theory. When we deal with the pairing of com-
posite fermions, we can neglect V NH as mentioned above.
Therefore, it is enough to consider the Hamiltonian
H = H0 + V H + V C , (13)
for the pairing state of composite fermions. How-
ever, when we deal with no-pairing states of compos-
ite fermions, we cannot expect the irrelevance of V NH
any more. We must properly take into account the ef-
fect of V NH , or V 3 for a compressible state of composite
fermions.
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